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Abstract 

We study the mass of the lightest Higgs boson in an effective Kaluza-Klein theory 
with two sources of supersymmetry breaking. When stop mass matrices are non- 
diagonal with respect to Kaluza-Klein modes and each element is not small in unit of 
the inverse compactihcation radius, a very small eigenvalue can be accommodated 
in the diagonalized basis. We show that in the model with the two sources, the 
Higgs boson mass can receive suitable corrections for various compactihcation radii. 



1 Introduction 



There has been much attention to the values of the masses of Higgs bosons. The Higgs field 
of the Standard Model has a classical potential composed of quadratic and quartic self- 
couplings. The mass receives radiative corrections from loop diagrams. If the Higgs field 
couples to a fermion with a dimensionless Yukawa coupling constant and an ultraviolet 
moment cutoff is employed to regulate the loop integral, the correction to the mass squared 
yields a quadratic term of the cutoff. There are similar contributions from the virtual 
effects of heavy fields, as emphasized in the introduction pp. When there is a heavy 
complex scalar field $ coupled to the Higgs field H with the coupling — A$|i/| 2 |<l ) | 2 , the 
Higgs field receives a correction to the squared mass dependent on the cutoff, 



In addition to a quadratic term of the ultraviolet momentum cutoff A, there is a quadratic 
term of the heavy field mass m$. Heavy fermions also contribute similar corrections. In 
the light of the sensitivity of the Higgs boson mass to the masses of heavy fields, the 
effects on the Standard Model are not decoupled to heavy fields. 

Once supersymmetry is assumed, such terms sensitive to the ultraviolet momentum 
cutoff and heavy field masses are canceled between bosonic and fermionic contributions. 
Because superparticles have not been detected, supersymmetry must be broken. In order 
to keep cancellation of the quadratic term on the cutoff, supersymmetry breaking needs 
to be soft. After supersymmetry is broken, the divergent correction to the Higgs boson 
mass squared is of a logarithmic form 



Here m sp is the largest mass scale associated with the mass splittings between bosons 
and fermions and A stands for dimensionless couplings schematically. In the Minimal 
Super symmetric Standard Model (MSSM) with A of the Planck scale and A of order 
0(1), the m sp is at the most 1 TeV so that the correction Am 2 H is not too large compared 
to the electroweak breaking scale. 

To achieve mass splittings is of great interest in its own right. Supersymmetry must 
be broken in a way with no supersymmetric flavor problem. One candidate is to spa- 
tially separate the MSSM fields from the source of supersymmetry breaking [2]-[5], as 
the mediation in bulk spacetime does not distinguish flavor. When the radius of an extra 
dimension is denoted as R, the mass splitting between a bulk field and its supersymmetric 
partner can be of the order of -R -1 with a factor of order 0(1). This type of mass split- 
ting is obtained by F-term supersymmetry breaking on a brane [2J[B]-[H] or independently 
by Scherk-Schwarz supersymmetry breaking [9]- [20]. If R^ 1 ~ 1 TeV, corrections to the 
Higgs mass would be significant. In a Kaluza-Klein approach, bulk fields are decomposed 
in zero mode and Kaluza-Klein modes. Kaluza-Klein modes contain many heavy fields 
and each provides corrections of the form given in Eq. (jl.ip . In models with softly bro- 
ken supersymmetry, corrections would have the form (11. 2p . Here each of Kaluza-Klein 
modes as well as zero mode acquires the mass splitting between bosonic and fermionic 
fields. Because the contribution from each mode is summed, supersymmetry breaking 
with extra dimensions may increase the corrections to Higgs boson masses. In the con- 
text of extra dimensions, effective potentials and Higgs boson masses have been widely 




(1.1) 





studied 0EIH35J. 
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Both of the two ways of supersymmetry breaking above can provide the mass split- 
ting of the same order. On the other hand, there is a difference about the structure 
of Kaluza-Klein mode between them. For the Scherk-Schwarz supersymmetry breaking, 
supersymmetry-breaking mass matrices in the Lagrangian are diagonal with respect to 
Kaluza-Klein mode and F-term supersymmetry breaking on a brane leads to non-diagonal 
supersymmetry-breaking mass matrices. In the latter case each component of the mass 
matrices is of the order of F _1 and in the diagonalized basis the eigenvalues are also of 
the order of R~ l . 

In the case with the Scherk-Schwarz twist, N — 1 supersymmetry can be locally 
preserved on each boundary. Thus supersymmetric action can be given at each boundary 
and it may be locally broken by some brane effects. Such a combined supersymmetry 
breaking is physically inequivalent to that of only one supersymmetry-breaking source 
because of distinct mass spectrum. However, its possibility has not been considered in 
the literature. A point to be examined is whether supersymmetry-breaking mass matrices 
assembled of the two possible sources about of order 0(1) can give rise to at least one 
small eigenvalue in the diagonalized basis. If very small eigenvalues are generated, the 
effect of radiative corrections might be too small contributions to explain the Higgs boson 
mass in an allowed region for R^ 1 ~ 1 TeV. Instead it may be possible that the resulting 
Higgs mass amounts to being corrected for a large R~ x such as the grand unification scale 
due to the mass splitting made of R" 1 multiplied by the small factor. 

We study the corrections to the mass of the lightest Higgs boson in a Kaluza-Klein 
effective field theory. In a simple model, it is explicitly shown how the contribution from 
the mass splitting of each Kaluza-Klein level is summed. In a model with supersymmetry 
broken by Scherk-Schwarz twists and F-terms on a brane, we find that small eigenvalues 
for mass matrices can be accommodated. We show that for the two supersymmetry- 
breaking sources, quantum loop corrections with a variety of compactification scales can 
relax the upper bound to the mass of the lightest Higgs boson. 

The paper is organized as follows. In Section [2j our notation for the lightest Higgs 
boson is given. In Section [3j a picture for obtaining radiative corrections to the lightest 
Higgs boson is shown for the four-dimensional case and Kaluza-Klein case. In Section HI 
our model with Scherk-Schwarz twists and boundary F-term is presented. We calculate 
the diagonalization of mass matrices with respect to Kaluza-Klein modes. A conclusion 
is made in Section [51 

2 The Higgs bosons in a mass-eigenstate basis 

In this section, we summarize our notation for the lightest Higgs boson following Ref. [U, 
136] . The Higgs scalar fields in the MSSM consist of two complex SU(2)i-doublets Hi and 
H2 which in total have 8 real scalar degrees of freedom 

(#f)> M+i)- (2-2) 
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Here the quantum numbers for SU(3)x SU(2)^ x U(l)y are indicated by the numbers in 
the parentheses. The superpartners are the spin 1/2 higgsinos 

SMI)- 

We express the superpartners of the Standard Model fields by putting a tilde on the 
corresponding letter. The potential of the Higgs scalar fields is 

V = (\ii\ 2 + m 2 1 )\H l \ 2 + (\fi\ 2 + m 2 2 )\H 2 \ 2 + [bH^ + K.c] 

+~g 2 (Hla a H 2 + H^H,) 2 + l -g%H 2 \ 2 - \H,\ 2 ) 2 

= (H 2 + m\){\H«\ 2 + \H^\ 2 ) + (H 2 + ml)(m\ 2 + \H°\ 2 ) 
+ [b(H^H+-H° l H° 2 ) + K. C .} 

+ 1 -(g 2 + g' 2 ){\H+\ 2 + \H*\* - l^l 2 - \H^\ 2 ) 2 + ±!?\H+H* + H°H~*\ 2 , (2.4) 

where g and g' denote SU(2)i and U(l)y gauge coupling constants, respectively, fj, is a 
super symmetric mass and mi, rri2 and b are supersymmetry-breaking coupling constants. 
For H2 = H± = 0, the Higgs potential is 

V = (\tf + ml)\H°\ 2 + (\tf + ml)\H°\ 2 - [fcfljfl* + H.c.] 

+ l(9 2 + 9' 2 )(\H° 2 \ 2 -\H° 1 \ 2 ) 2 . (2.5) 

The equilibrium conditions dV/dH% = dV/dH° = at H° = v±, H 2 = v 2 lead to 

|/i| 2 + m 2 - fecot (3 - (m|/2) cos2/3 = 0, (2.6) 
|/i| 2 + m\ - b tan (3 + (m|/2) cos 2/5 = 0, (2.7) 



respectively. Here 



W 2 2 2/2 1 2 \ 2 / 2 i /2\/ 2 , 2> 



tan/5 = -1, m^ = -^K + ^), m 2 , = -(<? 2 + ^)(v( + v 2 2 ). (2.8) 
Eqs. (12. 6p and (12 .7p require 

& 2 >(M 2 + m 2 )(H 2 + m 2 ). (2.9) 

When the electroweak symmetry is broken, three among the eight degrees of freedom 
of the Higgs scalar fields are the would-be Nambu-Goldstone bosons G° and G which 
become the longitudinal modes of the Z° and W massive vector bosons. The remaining 
five eigenstates are classified in three electrically-neutral fields and two electrically-charged 
fields. Electrically-neutral fields consist of two CP-even scalars h° and H° and one CP-odd 
scalar A . Electrically-charged fields are one scalar H + with charge +1 and its conjugate 
scalar H~ with charge —1. Here h° is lighter than H°. The charged scalars are subject 
to G~ = G + *, H = H + *. The gauge-eigenstate fields can be expressed in terms of the 
mass-eigenstate fields as 

H 2 \ _ f v 2 \ 1 „ f h° \ i „ f G° 



H? J~\ Vl J^ \ IP ) + Tf^o [ A o ) , (2-10) 

Ut ^RpJT + ). (2.11) 



Hi* J p± \ H 
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The rotation matrices are given by 



/ cos a sin a \ 
Ka = \ -sin a cosa ) ' A) ~ 



The 



\ — Sill LX UUa Ut I 

( sin (3± cos (3± \ 
j± y — cos /3± sin /3± y 

electrically-neutral part of the potential is 



sin p cos /3 
— cos Po sin /3 



T /ncutral _ 1 2 /,0 2 , "^2 rrO 2 , ^ 2 , 

with diag(m^o,m^ ) = R^m^Ra, diag(m| , m^o) = R^m^R^. Here 



(2.12) 
(2.13) 

(2.14) 




-b - ^ Vl v 2 |/i| 2 + m\ + ^(3v 2 - v 2 ) 



m 2 + 2 !+^ (u 2_ w2) /; 



The electrically-charged part of the potential is 

^charged = m 2 G± Q+Q- + m 2 H± H + H~ , 

with diag(m 2 ;± , m^) = R^m^R^. Here 

,|2 + m 2 + fi!±2^2 + ft + £ 



(2.15) 
(2.16) 

(2.17) 
(2.18) 



From the relation between the mass matrix m 2 ^ and the eigenvalues, the following equa- 
tions are obtained: 

2 , 2 

m A o +m z 



= m 2 h0 +m 2 H0 , 



2 2 \ 

IgO ~ m h0 ) 

A formula is obtained as 

sin 2a m 2 A0 + m| m 2 H0 + m 2 h0 
sin 2/9 m 2 H0 — r~ 9 

For p = p, the mass matrix m 2 leads to 

2b 



sin 2a 



sin 2/9 2 mi . 2 2 sin^ 



m jj° m h° 

the mass eigenvalues 



A an 2/3 

From these equations, the masses for h° and if are derived, 



m 2 G o = 0. 



2 1 

m h o = ^ 
1 

™>H* = g 



'^o + m| - ^/ (m^o + m|) 2 - 4m 2 AO m 2 z cos ; 



2 1 m| + yj (m 2 A0 — m 2 z ) 2 + Am 2 A0 m 2 z sin" 



: 2/3 
2/3 



(2.19) 
(2.20) 

(2.21) 

(2.22) 

(2.23) 
(2.24) 
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For electrically-charged scalars, the mass eigenvalues are 

m 2 H± = m 2 A o + m%y, m 2 G± = 0. (2.25) 
The lightest Higgs boson is h°. The mass has the upper limit 

m 2 h o < m 2 h0 {mAo — > oo) = m 2 z cos 2 29, (2.26) 
at tree level. The tree-level value is experimentally excluded. 

3 Radiative corrections in an effective four-dimensional 
picture 

In this section we study the mass of the lightest Higgs boson at loop level. We start 
with review for radiative corrections to the mass of the lightest Higgs boson in four- 
dimensional case [1] [36] . Top quark and its superpartner, stop largely contribute to Higgs 
masses through radiative corrections. We concentrate on top and stop contributions. The 
MSSM superpotential includes 

W t = y t itH 2 -fiH°H l . (3.1) 

where y t is the Yukawa coupling of the top_ quark t. For the left-handed top t L and the 
right-handed top i R , there are stop ti and i R . The supersymmetry-breaking Lagrangian 
relevant to the stop masses is 



soft 



t R a 2 t L Hl + H.c 



- t[m 2 Q t L - t R mft R . (3.2) 



where supersymmetry-breaking coupling constants are denoted as a 2 , rriQ, mi. From 
Eqs.f l3.ll) and (13. 2p . the stop mass terms are 



. m 2 Q + \y t H$\ 2 a 2 Hl-y t ^HT \( t* L 



a* 2 Hf - y^HT m\ + \y t H»\ 2 J \ t R 

which are written as field-dependent mass terms. 

For simplicity, we assume the field-dependent mass squared for the two stops and 
t R is m~ + \y t Hl\ 2 . Then the potential is radiatively corrected by the sum of stop and top 
contributions given in 

m i + \Vt R 2\ ) In A o " 773a 1^1 lo § ~ 73. n ■ ( 3 - 4 ) 



(4t) 2V * Z[ ' \ A 2 2 J (47T) 2 '" 1 \ A 2 2 

With an expansion by powers of \ytH 2 \ 2 /m 2 , the potential is 

3 WW ( ^ } mH Kr^ - I) - U t {\H°\% (3.5) 



167T 



up to constant (^"independent) terms, higher order terms and linear {H^l 2 terms which 
are adjusted so that the stationary condition is satisfied. The potential (13. 5p is written 
around (ReH®) 2 = v 2 as 

U t ((ReH° 2 ) 2 ) = U t {vl) + ({Re Hi) 2 - v 2 2 )U' t (v 2 2 ) + ^((ReiJ 2 ) 2 - v 2 2 ) 2 U' t '(v 2 2 ) + ■ • • . (3.6) 



By this contribution, the mass matrix (I2.15P of the electrically-neutral real fields is cor- 
rected to 

m 2 , \n\ 2 + m 2 + ^f{3v 2 -v 2 ) + A t -b-^f Vl v 2 , 

1 ~b - ^fv,v 2 \tf + m 2 + ^(3vl - v 2 ) 1 • (3 - 7) 



Here the top-stop correction is 

A, = 2vlU' t '(v!) = 2v\ ( -^|^| 4 ln^ ) = 7^'27n ( 3 ) , (3-8) 

2\-l 



3 , ,4, \Vt?vl\ 3V2mfG F , (m 2 

— \y t \ In — = In — 

1ti z m~ J 27r 2 sm p \m 



with top quark mass m 2 = \yt\ 2 v 2 and Fermi coupling constant Gp = 7^75(^1 + v\ 
1.17 x 10 -5 GeV~ 2 . Thus, in the present approximation the lightest Higgs mass is 



m l° = o m A° +m 2 z + A t - yj ((m 2 A0 - m|) cos 2(3 + A t ) 2 + (m\ + m|) 2 sin 2 2(3 
The upper bound to the mass is given by 



.(3.9) 



myfi 2 < mh 2 {m,A — > 00) = m| cos 2 2/5 + A f sin 2 /? 

2 2 „ 3V2mfG Fl fm 2 r\ 
= m| cos 2 2/5 + V I In -| , 3. 10 

where Eq. (13.81) has been used. The Higgs boson mass is significantly lifted to by the 
radiative correction of top and stop. 

Kaluza-Klein mode contributions 

Next we consider the case where top and stop propagate in bulk. In a four- dimensional 
language, zero mode and Kaluza-Klein modes give contributions. The contribution to the 
potential from the n-th Kaluza-Klein states of bulk top and stop is 



m 2 + \y t H 2 \ l + —\ (In 



rr 



2 \ 2 ( m 2 + \y t Hl\ 2 + n 2 /R 2 1 



(4tt) 2 V * # 2 / V A2 2 

3 w+^y(i> g ^r 2/fl2 4i (3.11) 



(4tt) 2 V R 2 J V A 2 2 

analogous to Eq. (13.41) . Here m| > lyi-f/^l 2 . For illustration, in this section we adopt the 
n-th top Kaluza-Klein mass squared n 2 /R 2 and the n-th stop Kaluza-Klein mass squared 
(m 2 + n 2 /R 2 ). In this case, we explicitly show that the sum over contributions from an 
infinite number of fields with mass splitting is finite. An importance of the sum over an 
inifinite number of Kaluza-Klein modes to utilize five- dimensional invariance has been 
discussed [2U [251 IB]- F° r logarithmic terms, we perform the expansion by powers of 
{mi/ '(nR^ 1 )). For example, 

1 rn 2 + \y t H 2 \ 2 + n 2 /R 2 f n 2 ( R 2 \\ 
111 A 2 = ln {Wa 2 + ~ 2 ^ + ^ v J 

= ln m* + 5 (m2 + lytH2]2) ~ l^ (m2 + '^ 2|2)2 + ' ' ' • (3 - 12) 
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In this way, the coefficients of a logarithmic term in Eq. (13.111) . (m~ + \y t H 2 \ 2 + n 2 /R 2 ) 
may be split into (m| + \y t H 2 \ 2 ) and (n 2 /R 2 ) parts. Then Eq. (13 . 1 1[) is lead to 



n 



R 2 A 2 16tt 2 



mj(m 2 + 2\y t H u 2 



0|2\ 



R 2 



167r 2 n 2 
3 



(K + lrfl 2 ) 3 



\y t H 2 



0|6\ 



2 2 2n 2 \ n 2 

-fflr m ; H — in — - — - 

16tt 2 * V * R 2 J R 2 A 2 



3 4 / R 2 2 



3 R 2 
167r 2 n 2 



m t % t # 2 °| 4 



(3.13) 



Here the first two terms are constant. In the last line, the first and second terms are both 
linear, which are treated as in the four- dimensional case. Note the equilibrium condition 
is not independent of each n-th Kaluza-Klein mode. For the sum of every mode, t>2 is 
adjusted. Thus the radiative correction of the potential relevant to the Higgs mass is the 
last term in Eq. ( 13.131) . a quartic field term. 

Now we have obtained the n-th contribution for the potential 



3 R 2 
167r 2 n 2 1 



ml\y t H° 2 \\ 



(3.14) 



From this equation, the correction for the lightest Higgs boson mass matrix is 

3 R 2 



A 



(n) 



2vlU?Y'(v 2 2 ) 



4ir 2 n 



2| |4 2 

2 m~M v 2 



3V2mfG F R 2 2 
27r 2 sin 2 /? n 2 *' 



(3.15) 



The mass of the lightest Higgs boson (13.91) is corrected by amount of Kaluza-Klein mode 
contributions to 



m 



i," 



m 



A" 



+ m 2 z + A t + A 



(«) 



n=l 



A 



oo 



.4" 



m|) cos 2(3 + At + V A[ n) ] + {m\ + m|) 2 sin 2 2(3 



n=l 



.(3.16) 



Due to the (l/n 2 )-dependence of the mass, the sum of an infinite number of contributions 
converges, 



oo ^ 9 10 ^ 

El 7T x - 1 
— = — ~i.6, 

n 6 z — ' n z 



1.5. 



(3.17) 



n=l 



n=l 



In order to show that small Kaluza-Klein numbers are dominant, we have also written 
down the sum for the first 10 Kaluza-Klein states. Such an importance of small numbers 
of Kaluza-Klein modes has been shown also in the context of corrections to gauge coupling 
constants [l5j 06]. From Eq. (I3.16p . the upper bound to the lightest Higgs mass is given 
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by 



m h o 2 < m h o 2 (mA — > oo) = m 2 z cos 2 2(3 + A ( + Aj"' 1 J sin 2 /3 



n=l 



Z^[2m\G F ^ (m}\ ^2 , i2 



= m 2 cos 2 2/?+ — |— — | + —-mfG F (Rmi). (3.1* 

2n 2 \m| / 4 

In the last equation, Eqs. (13. 8p . (13.151) and (13.17P have also been used. 



4 The mass-eigenvalue splitting with bulk and brane 
supersymmetry breaking 

We derive stop mass in an orbifold model with the Standard Model gauge bosons, third 
generation of quarks and leptons and two Higgs fields and their superpartners as five- 
dimensional bulk fields, in similar to the model given in Refs. [TJ [5] . And then we obtain 
correction to the Higgs boson mass. Here zero modes are the MSSM fields. Bulk fields are 
classified into gauge multiplet and hypermultiplet. The components of a gauge multiplet 
are a gauge field Am, a adjoint scalar E and two gaugino A\ where M, N = 0, 1,2,3,5 
and m,n = 0,1,2,3. The gaugino A 1 is SU(2) fi doublet (i = 1,2). The component 
of a hypermultiplet are SU(2)^-doublet scalars ip l and a Dirac fermion ip. Fields which 
propagate in bulk give Kaluza-Klein contributions in addition to zero mode contributions. 

In an off-shell formulation, the gauge multiplet contains three adjoint auxiliary fields 
X a , which form a triplet of SU(2)#. The five-dimensional Lagrangian for the gauge 
multiplet is given by [2| Wf\ H8] 

£gau ge = \tx (-IOFmat) 2 - (D A/ £) 2 - A^Dm^ + (if + i*]) , (4.1) 

with the supersymmetry transformation law 



8^A M = /Cr ''.V. (4.2) 

5^ = i&A*, (4.3) 

8^ = & MN F MN + ^DmT) C + i (X a a% e, (4.4) 

5^X a = U°%l M D M Ai + i[E) ^cr'-y^V . (4.5) 



Here Dirac matrices are 

with a m = (l,cr), o m = (1, — a), and -y MN = \[l M ,l N }- The covariant derivative acts on 
fields like Dm^ = <9m£ + i[AM, £]• The symplectic Majorana condition is 

A* = e i3 CA^ , (4.7) 

where the five-dimensional charge conjugation matrix C satisfies C^( M C~ X = (7 M ) T '. The 
explicit form is C = diag(icr 2 , ia 2 ). Lower indices i,j, .. transform under the 2* of SU(2)#. 



8 



The e tensor is employed to raise or lower indices where e 12 = €21 = 1. The two four- 
dimensional Weyl spinors A L and A R are incorporated in the expression of symplectic 
Majorana spinors as 

The supersymmetry transformation parameter is a symplectic Majorana spinor £\ 

The hypermultiplet contains an SU(2) R -doublet auxiliary field Fj in an off-shell for- 
mulation. The five- dimensional gauge-interacting Lagrangian for the hypermultiplet is 

£ hyper = -{D M ^)\{D M ft)-i$ 1 M D M i) + F^ i F i -^ + ${a a X%ft 

+$E 2 ^ + (iyft^fteitf + H.c.) , (4.9) 

with the supersymmetry transformation law 

<^ = -V2e ij ^ip, (4.10) 
^ = iyfi-yMDMfteij? - V^We^ + V2F£\ (4.11) 
Stf = i^la M D M i, + v^Ity - ■>ii,:\'< J ,c' . (4.12) 

Parity and twist 

For the space of the extra-dimensional coordinate y, there are fixed points of orbifold. 
Fields must be consistently defined around the fixed points. For the parity Zq : y — > —y, 
the boundary conditions for fields of the gauge and hypermultiplet are 

A^x, -y) = P A^x,y)Pl A y (x, -y) = -P A y (x,y)P \ (4.13) 
E(x, -y) = -P X(x,y)P \ A\x, -y) = (a% i l5 P Q A^x,y)P \ (4.14) 
ft(x, -y) = (a^rjoPoftfay), ip(x, -y) = r) P i-f 5 ip(x,y), (4.15) 

where Pq — 1 and a sign parity is denoted as 7]o- The fermions and SU(2)K-doublet scalar 
are written with their components as 

Al ^ («.-») - ( p °¥f v)p l ), (t) (*,-») - ( V«) 



-4b; 1 ' V --FVW*,!/)nV V * 2 / V -r*,P»i> 2 (y) 

«-»> - ( £ ) - ( 3#JS> ) ■ (4 - l7) 

For the parity 5 : y — > y + 2irR, the boundary conditions for SU(2) fi -singlet bosonic fields 
are given by 

A„(a;, J / + 27ri2) =FA At (a;, J /)V + , -A^x, y + 2irR) — VA y (x, y)V\ (4.18) 
Z(x,y + 2irR)=Vi:(x,y)V\ (4.19) 

where V is a representation for S. With the other parity Z\ : ttR + y — > ttR — y, the 
consistency conditions Zq = Z\ = I, S = ZiZ and SZ S = Z must be fulfilled, where I 
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is the identity operator. As long as these conditions are satisfied, S has degrees of freedom 
of twisting 

U = exp (i Pj<7j) = cos/3 • 1 + PjVji ( 4 - 20 ) 

V j=i ) P 3=1 

where /3 = \J ft\ + /3f + 3%. For the cr 3 -rotation of SU(2)# around Z given in Eqs. (14.141) 
and (I4.15p . the consistency conditions lead to 

(3 3 = or p 1 = /3 2 = 0. (4.21) 

Then the representation of a twist about S is 

U= ( , a i • a M-WP- 1 **?) for ^ = 0; 

y +t/3 2 )(3~ 1 smf3 cos 3 J Hi 

cos 3 sin 3 \ r n n , . 

-sin/3 cos ,3 ) fOT A = A = 0. (4.22) 

Hereafter we assume 03 = 3± = 0. The remaining fields has the parity for S given by 

If + = ( )* V*(x, V)V\ (4.23) 

ffo + 2^) = ( )" ^(,), (4.24) 

^(y + 2irB)=i )0 ihV 1 J(y), (4.25) 
where 771 is a sign parity. In components, for example, the gaugino is written as 

A R J v ' y ; V - 5111 / 3 c 08 / 5 / V VA R {x,y)V* J K ' 

The parity for Z\ is read from the parities for Zq and S via V = P\Pq. The boundary 
conditions for SU(2)/j-singlet fields are 

A^x, 7iR-y) = P 1 A li {x, ttR + y)Pl A y {x, nR-y) = -P^x, nR + y)P 1 t ,(4.27) 
E(x, nR-y) = -P 1 Z(x, ttR + y)Pl ^(x, 7rR-y) = ^ij^x, TiR + y), (4.28) 

and the boundary conditions for SU(2)^-doublet fields are 



i L \ / cos/3 sin/3 \ / P 1 A L (x,7rR + y)P} 

A R J {X ' U V> \-sm3 cos/?; \-P 1 A R (x,nR + y)P} 



■ip 2 J \ - sin 3 cos/3 y \_ ~r] 1 Piijj 2 (x,7rR + y) 

Mode functions 

From the equations of the parities given above, we write down mode functions. Let us 
consider the case where Pq = P\ = V = 1 , T]o = T]i = 1 . Other cases with various signs are 
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obtained by appropriate exchanges of cosines and sines appearing in the following. The 
gauge and hypermultiplet fields are mode-expanded as 

A,(x, y) = ^4(x) + yf^Aftx) cos ^, (4.31) 



A v&y) = \l^(x)sm-^, E(x,y) = \/^(x)sm-l, (4.32) 
iJ^^-V-U sin ^ cos ^ J ^ sin f ( ^' 33) 



r J V V wfl V -sm^ cos^ ; ^ ^ n (x)sinf 

^\ (xv) _^fT( ^°(x)+^)cosf \ 

For each contracted n, the summation X^li nas been taken. Here the numerical factors 
are chosen from the normalization 

1 r R [Y ny PT my 

2 L R dy y^R cos iii^R cos ji = 6 - (4 - 36) 

From the mode expansion give above, an SU (2) ^-doublet hyperscalar yield the mass term 



2 Ln dV idyl 2 ) {dyt 2 



,l,n 



The mass matrix is diagonal with respect to Kaluza-Klein modes. The n-th Kaluza-Klein 
mode has the squared-mass eigenvalue (n ± (3 / (2ir)) 2 / R 2 . 

Supersymmetry and its breaking 

The supersymmetry transformation parameter is a symplectic Majorana spinor and is 
mode-expanded similarly to the gaugino A 1 as 

lf.J M_ V-l- A cos i J ( sin f J • < 438 > 

The zero mode corresponds to unbroken supersymmetry in four dimensions. At y — 0, 
the zero mode has the value 

(fc(*,y = o)\ _ rrfi oW^ (l) l f4 39) 

\U*,y = o) ) zcromodc V«*\o i)\ o J- ^ 

There is iV = 1 supersymmetry at y = in the direction of £l because of £,n(y = 0) = 0. 
At y = irR, the zero mode has the value 

/ Cl(x, y = nR)\ fy { cos f sin f \ / ?>°(x) 



(4.40) 



V = * R ) J zcro mod e V ^ V - sm f cos f A 



zero mode 
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If a linear combination of £^ and £r is taken as 




(4.41) 



there is AT = 1 supersymmetry at y — ttR in the direction of £ ni because of £ W2 (y = ttR) = 
0. 

At each boundary, four- dimensional supersymmetric couplings are possible for fields 
that do not vanish under multiplication of a delta function. For y = 0, nonzero fields are 
included in A^, A L , ip l and ipL- For y = nR, nonzero fields are included in A^, A ni , ipm 
and ipL- Here linear combinations of SU (2) ^-doublet fields are taken in the direction of 
^ 7Tl for unbroken supersymmetry at y — ttR as 

( K \ _ ( cosf -sinf \( A L \ ( ^ \_ ( cosf - sin f \ / ^ V 
\A*)-\fAa{ cosf jUJ' U.J"Uinf cos § J U 2 / J 

At y — 0, A^{x,y) and Ar,(a;, y) are formed into an JV = 1 gauge multiplet and ^(x, y) 
and ipL^x.y) are formed into a chiral multiplet. For y = tcR, A^(x,y) and A ni (x, y) are 
in a gauge multiplet and (a?, and ipi{x,y) are in a chiral multiplet. Because the 
directions of £l and £ ni are different from each other, supersymmetry of total effective 
four-dimensional theory is completely broken. 



F-term on a brane 

Let us introduce F-term on the brane at y — ttR. At y = 0, the MSSM fields except 
for the bulk fields are confined. We first review the case with no Scherk-Schwarz twist. 
In this case, the mixing of Kaluza-Klein modes and its diagonalization was described 
in detail in [7j. As in Section [3j we concentrate on top and stop contributions. We 
denote a hypermultiplet with left-handed top quark ti in the zero-mode component as T l L 
where % — 1,2. In this notation, the Lagrangian involving T l L also allows supersymmetry 
transformation of the function £\ The stop t\ is contained as scalar components in T % L . 
The mode functions for t\ are given like the mode functions for ip % in Eq. (14. 34ft . Similarly 
T l R are defined for right-handed top quark t^. The field on y = irR, S is coupled to bulk 
matter superfields as 



£nR = S(y - ttR) : 



J D 



(4.43) 



where we have used T| 



n 



at y = nR for no Scherk-Schwartz twist and extracting 
D-term is represented as the square brackets with the subscript D such as [ ] D with the 
notation of a vector superfield V = C + ^9999(D + |DC) + • • •. When the S develops 
(Fs), the stop mass is generated. With the dimensionless quantity 

Ws) 



a 



A 4 



AIL 



(4.44) 



where we have assumed q = c r = Cf for simplicity, the stop mass term is given by 



/"mass 

L4 ~ R? 



2a 



n=l 



2a 



,n=l 



n,m=l 

+ H.c. 



7T 



-1 \n+mTl* 21 
' l J l L,n l L,m 



a r 

7i 



(4.45) 
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Eq. (14.451) shows that the stop mass has the mixing between Kaluza-Klein modes. If 
a ~ 0(1), mass eigenvalues are of the order R~ 2 . For i?" 1 ~ 1 TeV, the zero-mode mass 
splitting mi ~ lead to significant radiative corrections to the Higgs boson mass. In 
the upper bound ( 13.181 ) to the lightest Higgs boson mass, there are contributions largely 
from the second and third terms. If a itself is very small and mi ~ aR~ l , the Higgs boson 
mass would be corrected for a large Rr 1 such as grand unification scale [8]. 

Now we consider supersymmetry breaking by the Scherk-Schwarz twist and F-term 
on a brane. In the case with the Scherk-Schwarz twist (I4.22p . N = 1 supersymmetry at 
y = ttR is in the direction of £ Wl . Among the whole superfields, fields that do not vanish at 
y = T[R form N = 1 superfields in the direction of For T[, the bulk superfield oriented 
in the direction of £ ni is denoted as Tl^. The ^-oriented superfield Ti 7ri contains a stop 
th-K-y and a top t\. For T R , the ^-oriented T Rni is defined in an analogous way. Here 



cos | — sin | 
sin | cos | 



cos | — sin | 
sin | cos | 



R 



(4.46) 



like Eq. (14.421) . Then the boundary couplings are 

£n R = S{y - irR)- -j^T^Tl^S - ^T Rn T R ^S ] S 
For nonzero twist and F-term, we obtain the stop mass term 

(3 2 



D 



/"mass 



1 



47T 



n=l ^ 71 ' 



n=l 
oo 



2a 



L,rn 



n,m=l 



k=n 



7T 



7T 



Define 



B 



2tt ! 



a 



7T Z 



(4.47) 



(4.48) 



(4.49) 



Up to the overall R 2 , L part of mass term is written with a matrix form in a basis of 





/ B 2 +P 


-V2P 


V2P 


-V2P ... 








... \ 




-V2P 


1+B 2 +2P 


-2P 


2P 


-2B 












-IP 


A+B 2 +2P 


-2P 





-4B 







-V2P 


2P 


-2P 


9+B 2 +2P ... 








-QB ... 







-2B 








1+B 2 
















-45 








A+B 2 
















-QB 








9+B 2 ... 




V 












... / 


In the first 


line of the 


upper-left block matrix, the ellipses 


mean 


that ±^2P 



(4.50) 



alternately. In the second line, =p2P appear alternately. In order to diagonalize the mass 
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matrix (I4.50p . we introduce an eigenstate (Q\, Q\, Ql, ■ ■ ■ \Q 2 , Ql, ■ ■ -) T and its eigenvalue 
A 2 . Then eigenvalue equations are explicitly written as 

(B 2 + P)Ql - V2PS] + V2PSI = X 2 Ql (4.51) 
-V2PQI + (n 2 + B 2 )Ql + 2PS] - 2PS\ - 2nBQ 2 n = \ 2 Q l n , for odd n, (4.52) 
V2PQI - 2PS] + (n 2 + B 2 )Q\ + 2PS e - 2nBQ 2 n = X 2 Ql, for even n, (4.53) 
-2nBQl + {n 2 + B 2 )Q 2 n = A 2 Q 2 , (4.54) 

where = Q\ + Q\ + Q\ + • • • and = Q\ + Q\ + Q\ + • • •. From Eq. <^M), Q 2 n is 
solved by Q\, 



With this equation, the equation for n odd (I4.52p is 

-V2PQI + 2P# - 2PSI) = Ql (4.56) 



1 1 

+ 



X 2 -(n + B) 2 X 2 -(n-B) 2 
The summation with respect to odd n gives 



where 



A 2 - (n + £) 2 ^ A 2 - (n - B) 

n odd v n odd v ' 



With a similar calculation, the equation for even n lead to 



V2 

where 



(4.57) 



JoB \2 _ („ , R>2 + \2 _ („ _ R \2- 



(4.59) 



SeB " S A 2 -(n + 5) 2 + S A 2 -(n-fi) 2 ' (460) 

n even v ' n even v ' 

From these equations, the relation between Ql and Si is obtained as 

The relation between Ql and Si is 

F Qh+ffp-^fp-^-P^Sl-O. (4.62) 



Substituting Eqs. (14.611) and (14.621) into the equation for Ql (14.5ip . we obtain the eigen- 
value equation 

1 ^ / 1 1 \ 1_ 

ra=l N v ' v ' ' 

14 



Figure 1: P = Ct\(F s )\ 2 RA~ 3 fir and B = (3/(2tt) for A 2 = 0, 0.01, 0.1. The summation 
over n appearing in (14.631) is taken as ^ n =i- 



Behaviors of P and B in Eq. (I4.63|) are shown for several values of the eigenvalue A in 
Figure [TJ The eigenvalue equation (I4.63P is invariant under the shift B — > B' = B + 1. 
For the shift, the left-hand side of (I4.63P is explicitly written as 

oo _^ _^ oo ^ 

+ \2 _ JZ 4- R\* + >2 _ R2 + \2 _ 7Z _ R\2 > 



A 2 -(B + 1) 2 ^A 2 -(n + 5) 2 A 2 -5 2 ^X 2 -(n-B) 2 

which is the same as the original. From this point, invariance under the shift of B with 
arbitrarily integer is induced. The eigenvalue equation (14.631) is also invariant under 
B <-> —B. Thus we deal with values of the twist for < B < 1/2. As seen in Figured! for 
B = (or /3 = 0), a small eigenvalue is generated only for a small P oc a. In other words, 
then the eigenvalue and P are the same order. When there is a nonzero Scherk-Schwarz 
twist, an interesting thing occurs. For B ~ 0.5, an eigenvalue A 2 ~ 0.01 is generated for 
\P\ ~ 0.1 which is the same order as B. Even if \P\ and B are the same order and not very 
small, a very small mass-eigenvalue can be generated due to the mixing of effects of P 
and B. Taking the overall R~ 2 back in Eq. (14.501) . a TeV-scale mass splitting corresponds 
to R- 1 ~ 1 TeV for A ~ 1 and R- 1 > TeV for A < 1. 

The appearance of small numbers with the mixing can be expected if we concentrate 
on the upper-left block matrix of Eq. (14.501) . In the upper-left block matrix, if P = 0, B 
and the eigenvalue of the block matrix are the same order. If B = 0, P and the eigenvalue 
of the block matrix are the same order. Then a very small eigenvalue corresponds to the 
value itself of a very small B or P. On the other hand, if P and B are both nonzero and 
a large mixing occurs, the eigenvalue can be much smaller than the values of P and B. 

Now we examine A as a function of P for 5 = 1/2. Using partial-fraction expansion 
of trigonometric functions 

2A v 2A ^ — \ 2A . . 

7rtan7rA = -— — T -^- = - ^ — ^ (4.65) 



from Eq. ( 14.63[) we obtain 



i 



^ 2 -(« + |) ^A 2 -(n-i)' 



7r tan 7rA 1 



A P 



(4.66) 
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The function A -1 tan tt\ has any value from — oo to oo for n — |<A<n + | for each n. 
Therefore, A in Eq. (14.661) has multiple solutions correspondingly to Kaluza-Klein modes. 
In Figure [2], behavior of each side of Eq. (I4.66P against A is shown. As seen in Figure |2], 




A 



Figure 2: /(A) = 7rA _1 tan(7rA) (solid line) and f(x) = —1/P (bold line). For illustration, 
the graph is shown for P = —0.1. In the right graph the neighborhood of the intersection 
for the lowest eigenvalue is magnified. 



the mixing of B and \P\ of order 0(0.1) generates A of order (9(0.01). A smaller lowest- 
eigenvalue can be generated by the mixing depending on the value of P. For a very small 
A, with the expansion of tan(7rA) = (ttX) + (7rA) 3 /3 + • • •, Eq. (14.661) is 



7T 2 + 



7T 4 A 2 



+ 



1 



up to C(A 4 ). To the order A 2 , the solution of the lowest-eigenvalue is obtained as 



A 



7T 1 



1 

P 



7T 



Because the left-hand side is positive, there is a lower bound to P, 

1 



P > 



71" 



(4.67) 



(4.68) 



(4.69) 



The existence of such a lower bound is seen in Figure [H 

In order to analyze the others of multiple solutions, we take the n-th eigenvalue (except 
for the lowest (14.681) ) as A n = n + | — A n to solve a small A n perturbatively. The 
perturbation is valid especially for a large n because A n /n is very small for a large n. 
With this normalization, Eq. (14.661) is 



tan(A r 



P 



TV 



By the expansion tan(A n vr) = (A n vr) + (A n 7r) 3 /3 H , Eq. ffl~TU]) is 

A 2 -(n + i)A n -£ = 0, 
up to (9(A 3 ). We obtain the solution for A n , 



(4.70) 



(4.71) 



P 



[n + i)7T 



+ 



[n + |)% 2 



+ ■ ■ 



(4.72) 
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where the ellipses denote higher order terms in the expansion with Pj (n + 1) 2 . The minus 
sign in the first line of Eq. ("14. T2[) has been chosen so that the equation at the first-order 
of A n is fulfilled. 

Within the above approximation, we obtain the stop mass-eigenvalues squared 

for B — 1/2. For a generic n, the Kaluza-Klein mass is obtained as 

m ? = _L ( n + A) 2 , A m 0.4 — 0.5. (4.74) 
R 2 

as found in Figure El 

The Higgs boson mass corrections 

In Eq. (13.181) in Section [31 we wrote down the upper bound involving Kaluza-Klein modes. 
The analysis was based on the simplification that the n-th top and stop Kaluza-Klein 
masses are n 2 /R 2 and (m~ + n 2 /R 2 ), respectively. This structure of Kaluza-Klein masses 
are somehow different from the result given in Eqs. (I4.73P and (14.741) . We here derive the 
Higgs boson mass corrections for the lightest top and stop masses 

m 2 = \y t \ 2 vl m2 t=-^{jS + n2 )^ ( 475 ) 

respectively and the n-th Kaluza-Klein top and stop masses 

9 n 2 9 (n + \) 2 . n s 

m ln = W m in~-^i (4-76) 

respectively. For the lightest top and stop with the masses (14.751) . the correction to the 
Higgs boson mass is of the form (13.81) . 
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A t = \ ,'M n 4 , (4.77) 
27r 2 sm p \mf J 

where mt and m ( - are given in Eq. (14. 75 \\ . For the Kaluza-Klein mode, we adopt a calcu- 
lation technique employed in Ref. [13J in which the potential 



V = l -T ! d " P V 1 ( P 2 + M2 ^) + (n + q b ) 2 /R 2 ] 
2 J (2tt) 4 11 \p 2 + M 2 {<P) + (n + q f ) 2 /R 2 I ' 



n=— oo 



is led to 

V = 128^ Tr [V(qf > 0) " V(qb > 0)] ' (479) 
V(q,<p) = (27ri?) 2 M 2 (0)Li 3 (e 2i7r9 e- 2 ^v / ^W) 



+67ri? v /M 2 7^Li 4 (e 2 ^e^ 2 ^v /I ^)) + 3Li 5 (e 2i7r9 e- 2 ^v /¥5 W) + H.c..(4.80) 
where Li n (z) = YlkLi z k /k n - While the zero-mode potential (13. 5p is 



d 4 p , fp 2 + m 2 r + \y t H$ 



012 



u t = 6 / 44- in ( - - - v j , (4.8i) 

' (2tt) 4 V P 2 + \VtH° 2 \ 2 1 
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with the stop mass (14.751) . the potential contributed from Kaluza-Klein modes with the 
masses (I4.76P can be written as 



UtKK 
U sn b = 

Using the formula 

V(q b = 1/2, 
V(q f = 0, 



d 4 p 



sum w sub; 

4 oo 



6 



(2*) 4 



P 2 + \y t H° 2 \ 


2 + (n + \) 2 /R 2 


p 2 + \ 


y t m\ 


2 + n 2 /R? 



n=—oo 

p 2 + \y t H° 2 \ 2 + l/(AR 2 ] 



In 



P 2 + \VtHl 



1 2 



(4.82) 
(4.83) 

(4.84) 



(2vr J R) 4 M 4 ((/.) 



In 2 + 



A _ I ln(27ri?v / M^))) (27ri?) 4 M 4 (0) + ■ 



(4.85) 
(4.86) 



up to M 2 (0)-linear term and higher order terms 0((RM ((p)) 5 ^ 2 ) , we find the corrections 
for the Higgs boson mass, 



a _ Ov 2 U" (v 2 ' 
u sum — ^u 2 u sum yu 2/ 



A sub = 2v 2 2 U: uh (v 2 2 ) = 
Thus the Kaluza-Klein mode corrections are 

Ajkk = A sum — A su b = 



3 mf 

3 mf 
2^1% 



ln(7ri?m 



t)i 



\n{2Rm t ). 



(4.87) 
(4.88) 



3V2mfG F , 2 

7T Z Sin p 7T 



(4.89) 



From this equation and the zero- mode contribution (I4.77p . we obtain the upper bound to 
the lightest Higgs boson mass, 



mlo <m z cos 2 2(3 + - - r In 



Z^2m\G F (2 



2tt 2 



(vrmi) ; 



(4.90) 



with m~ given in Eq. (14.75 p . 



i?% 4 VP 



1 

— + 7T 



(4.91) 



In Eq. (I4.90p . the Kaluza-Klein mode contribution is independent of R and only in- 
dependence arises from the contribution of the lightest top and stop. The factor ln(m~/m 2 ) 
must not be too large for some R. For B = 1/2, a large R~ Y can be allowed if ~ — 7r 2 . 

Here we estimate the values of radiative corrections. For m t = 181 GeV and m t - ~ 
1000 GeV (composed of various values of R and P via Eq. (I4.9ip ). the lightest mode 
contribution gives 



3\/2m 4 G F (m\ 



2tt 2 



ln Uf 1 W (96GeVr 



(4.92) 
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On the other hand, the Kaluza-Klein contribution makes 



!4^ ln ± =3 _(50GeV) 2 . (4.93) 

Such a negative Kaluza-Klein contribution can be generated because in Eq. (14.831) the 
argument of the logarithm function is smaller than unity for n < 0. These contributions 
(96GeV) 2 — (50GeV) 2 = (82GeV) 2 can change the upper bound to the mass of the lightest 
Higgs boson into an allowed region. 

In the present model, gauge bosons propagate in bulk. The gauge coupling is sensitive 
to energies over the inverse compactification scale [37]- [46]. As a fundamental theory 
appears before gauge couplings become very small or very large, the number of Kaluza- 
Klein modes can be of at most (9(100). Thus an ultraviolet momentum cutoff may be 
introduced in the theory. Our result for the radiative correction to the Higgs boson mass 
is independent of such a cutoff. 



5 Conclusion 

We have studied corrections to the mass of the lightest Higgs boson in a Kaluza-Klein 
effective theory. For the simple spectrum, it has been explicitly shown how contribu- 
tions of Kaluza-Klein modes to the Higgs boson mass correction are summed. There the 
summation over infinite numbers of Kaluza-Klein mode contributions converges. In other 
cases, a finite radiative correction has been obtained using a calculation technique em- 
ployed in the context with the summation over zero mode and Kaluza-Klein modes and 
a momentum integral. 

While N = 1 supersymmetry is oriented differently on each brane depending on a 
Scherk-Schwarz twist, an F-term on a brane has been introduced. For these two sources, 
stop mass matrix is non-diagonal with respect to Kaluza-Klein modes and also with re- 
spect to SU(2)/{. We have pointed out that a very small eigenvalue can be accommodated 
in the diagonalized basis. Thus the mass splitting between zero-mode stop and top can 
be around 1 TeV even for a large Br 1 . A large inverse compactification scale may be 
motivated by four- dimensional MSSM gauge coupling unification. It has also been shown 
that the eigenvalue equation becomes a simple form with trigonometric functions for the 
Scherk-Schwarz parameter f3 = ir. In this case we have presented multiple solutions that 
correspond to Kaluza-Klein modes. With these solutions, we have estimated radiative 
corrections to the lightest Higgs boson mass. 

In the context of extra dimensions, the mass splitting may be related to the inverse 
scale of compactification. The stop mass can be 

1 . . 

m * ~ ° X R' 

where c is a numerical factor. On the other hand, Kaluza-Klein masses are proportional 
to Rr 1 . From these properties, the correction of Kaluza-Klein modes to the lightest Higgs 
boson mass squared is independent of B as in Eqs. (13.151) and (14.891) . This Kaluza-Klein 
contribution can be around over 3mfG F /(V2ii 2 ) = (52 GeV) 2 . Together with zero-mode 
contribution, it lifts the upper bound to the lightest Higgs boson in an allowed region, 
although the value of zero mode contribution depends on B. 

Finally, we mention stabilization of the scale B. A simple setup to stabilize com- 
pactification radius is to take a constant superpotential into account in a warped extra 
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dimension [TH1 SSI ED]- It may be interesting to examine the issue of the Higgs boson 
mass for the mixing of two supersymmetry breaking sources in a warped model with 
radius stabilization. 
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